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We investigate the effect of adsorption-desorption phenomenon of ions in an asymmetric elec-
trolytic cell at open circuit conditions. Our approach is based on the Poisson-Nernst-Planck theory
for electrolytes and the kinetic model of Langmuir for the description of adsorption-desorption
phenomena on the electrodes. When the electrodes are immersed into the solution, selective ion
adsorption takes place. It is shown, that the selective ion adsorption is responsible for generating an
electrical potential difference between the electrodes of the cell. The analytical expressions for the
potential difference and for the charge distribution are calculated. Finally, the time evolution of the
system is investigated and the relaxation times of the problem are deduced numerically.
I. INTRODUCTION
Specific adsorption of ions at interfaces is an om-
nipresent phenomenon in a large variety of systems
such as biological systems, colloids, geological systems,
electrolytic cells, liquid crystals, ionic liquids, gels, etc
[1–6]. Specific adsorption of ions (SAdI) starts when an
electrode is immersed in a solution or comes into con-
tact with another medium. The effect is determined by
ion-electrode, ion-solvent, and solvent-electrode inter-
actions. The SAdI may drive profound effects on both
the electrode and the solution with implications for the
system itself and for the detection of signals and there-
fore to all experimental methods that require the use of
electrodes, such as Impedance Spectroscopy, Electrocar-
diogram, Electromyography [7], Impedance Tomogra-
phy, Bio-Impedance [8] etc. In ordered systems such as
liquid crystals, adsorption affectsmolecular orientation,
stability of orientation via the surface electric field, an-
choring energy, dc-switching of liquid crystal displays,
electro-optical modulation, etc [3, 9].
The adsorption in a electrolytic cell has been mainly
considered under an externally applied voltage for
electro-optical effects [10–14] and for experimental
methods that require the application of an electric field.
Recently, the potential difference between an electrode
and the bulk of an electrolytic solution has been dis-
cussed in absence of an external field [15]. We think
that it is interesting to consider the potential difference
between the electrodes of a cell due to SAdI because it
is essential to know the charge distribution in the cell
prior to the application of any electric field especially
when transient effects are considered.
The goal of the present study is to investigate the es-
tablishment of a potential difference and of charge dis-
tribution between the electrodes of an electrolytic cell
when a dielectric liquid is introduced in the cell, in the
absence of any external voltage and for an open circuit.
This potential difference should arrive when the two
∗Corresponding author: ioannis.lelidis@phys.uoa.gr
electrodes have different properties related to selective
adsorption of ions, that is, the electrodes are asymmet-
ric in what concerns SAdI. Our approach is developed
in the frame of the Poisson-Nernst-Planck (PNP) theory,
that is one of the most used theories describing ion ef-
fects in complex systems, and with many applications
in physics, chemistry, and biology [1–3, 16–25]. The
PNP model is based on the coupled continuity equa-
tions of each ion type and the Poisson equation for the
electric potential. However, the PNP theory has some
well known drawbacks, such like the neglect of finite
volume effects and the ion-ion interactions [26] which
are considered in the frame of a mean field approach.
Specific adsorption on the electrodes is taken into ac-
count by introducing the adequate boundary conditions
for the coupled differential equations of the bulk. In our
approach we use the Langmuir model [27, 28] to de-
scribe the kinetics of adsorption-desorption at the elec-
trodes. In order to respect the limitations of the model
we assume adsorption is weak, low enough density of
ions, and absence of ion generation-recombination ef-
fects [29].
The rest of the present paper is organised as follows.
In section II, we introduce the equations of the PNP
model and the adequate BCs according the Langmuir
kinetic for adsorption/desorption phenomena. In sec-
tion III, we linearise the bulk equations and decompose
the charge distributions and the potential at a steady
state and a transient component. In Section IV, we cal-
culate analytically the charge distribution, the potential
in the bulk, and the adsorbed charge at the electrodes.
A numerical application is performed for the case of a
liquid crystal cell with asymmetric electrodes. In Sec-
tion V, we treat the transient part of the problem and
we show that the evolution towards equilibrium is a
multi-relaxation process. The last section of the paper,
is devoted to conclusions.
II. FUNDAMENTAL EQUATIONS
We consider an electrolytic cell composed by an
isotropic dielectric liquid between two flat electrodes
2in parallel position, the left (L) electrode located at
z = −d/2 and the right (R) electrode located at z =
+d/2. The surface area of each electrode is Aeℓ. The
electrolytic solution contains two types of ions denoted
p,m, where p stands for cations and m for anions,
with charge ±q respectively. In the present analy-
sis, we assume that the density of ions in thermo-
dynamical equilibrium, N, is very small with respect
to the bulk density of the liquid molecules, so that
association-dissociation effects can be neglected [29].
The ions are supposed point-like and the system as one-
dimensional. In the presence of an electric field E(z, t),
the current number densities ja(z, t) are given by
ja = −Da ∂na
∂z
± µanaE (1)
where na(z, t), with a = p,m, are the local densities of
the ions. Da are the diffusion coefficients of the ions
which are related with their mobilities via the Einstein-
Smoluchowski relations: µa/Da = q/kBT [27], where
kB is the Boltzmann constant and T the temperature.
The fundamental equations that describe the system
under investigation are the bulk continuity and Pois-
son’s equations
∂na
∂t
= −∂ja
∂z
(2)
∂2V
∂z2
= − q
ε
(np − nm)
where ε is the dielectric permittivity of the solvent, and
V(z, t) the electrical potential in the sample.
A. Boundary Conditions
The boundary conditions of the problem are defined
from the current at the electrodes
ja(±d/2, t) = ±dσa(±d/2, t)
dt
(3)
where σa are the surface densities of the adsorbed ions.
The sign minus applies for the L-electrode at −d/2 and
sign plus for the R-electrode at +d/2. According to
Langmuir kinetic model [9, 10, 27], at the electrodes
holds
dσa
dt
= kana − 1
τa
σa (4)
where ka and τa are the adsorption and desorption co-
efficients respectively. Langmuir approach holds under
the following assumptions: (i) all adsorbing sites are
equivalent, (ii) the surface is uniform, (iii) adsorption
occurs only in a first layer, and (iv) the probability of
a particle being adsorbed is independent of the surface
density of particles already adsorbed. These assump-
tions are valid for low density of ions at thermody-
namical equilibrium. Taking into account that na ∼ N,
whereas the surface density of adsorbed particles has
to be σa <<
1
l2a
, it follows that kaτa <<
1
Nl2a
, where
la are the typical dimensions of ions [1]. In the present
approach, we consider different adsorption and desorp-
tion coefficients for each type of ions and for each elec-
trode. We indicate by kia, τ
i
a the adsorption and desorp-
tion coefficients respectively at the electrodes, i = L, R.
Since we consider asymmetric electrodes the two Eqs
(4) split to four equations that, in compact form (see
appendix-A), are written as
dσia
dt
= kian
i
a −
σia
τia
(5)
Furthermore, the condition on the conservation of the
number of ions implies the following equations
σRp + σ
L
p +
∫ d
2
− d2
np(z, t) dz = Nd
σRm + σ
L
m +
∫ d
2
− d2
nm(z, t) dz = Nd (6)
B. Linearisation
The presence of the electrodes in contact with the
electrolyte, creates a small variation of the charge den-
sities δna << N, that become na = N + δna. Hence-
forth, we introduce the following reduced quantities
P(z, t) = δnpN , M(z, t) = δnmN , U (z, t) = VVθ where
Vθ =
kT
q is the thermal voltage. After linearization, the
bulk Eqs (2), are written as
∂A
∂t
= −Da
(A′′ ± U ′′) (7)
U ′′ = −P −M
2λ2
(8)
where the prime means a derivation with respect to z,
A = P ,M, and λ =
√
ǫkBT
2Nq2
is the Debye length. Note
that when A stands for cations, P , then a stands also
for cations p. The bulk densities of currents are given
from
ja = −NDa( ∂A
∂z
± ∂U
∂z
) (9)
In terms of the new quantities, conditions (6) take the
form
3SRp + SLp +
∫ d
2
− d2
Pdz = 0
SRm + SLm +
∫ d
2
− d2
Mdz = 0 (10)
where Sa(z, t) = σa/N. Eqs (5) that relate the surface
charge density to the ions density at the electrodes, are
rewritten as
dS ia
dt
= kia(1+Ai)−
S ia
τia
(11)
At this point we decompose the charge distributions
and the potential in their steady state and transient
components as follows
P(z, t) = p(z) + P(z, t)
M(z, t) = m(z) + M(z, t)
U (z, t) = u(z) + U(z, t) (12)
Sp(t) = sp(z) + Sp(z, t)
Sm(t) = sm(z) + Sm(z, t)
where p(z), m(z), u(z), sa(z) stand for the steady
state part of the quantities P(z, t), M(z, t), U (z, t),
and Sa(z, t) respectively. The corresponding transient
components P(z, t), M(z, t),U(z, t), Sa(z, t) cancel out at
long enough times (t → ∞).
III. STEADY STATE
In this Section, we are interested to calculate the po-
tential u(z) in the cell at the equilibrium state. In the
steady state, the bulk Eqs (7,8) simplify at
p′ + u′ = c1
m′ − u′ = c2 (13)
u′′ = − p−m
2λ2
(14)
where c1, c2 are integration constants. Using the equi-
librium condition dσ/dt = 0 or equivalently jip = j
i
m =
0, that is, at the electrodes
∂p
∂z
+
∂u
∂z
= 0
∂m
∂z
− ∂u
∂z
= 0 (15)
the continuity equations reduce to p + u = cp and m−
u = cm and the Poisson equation is rewritten as
u′′ − u
λ2
+
C
λ2
= 0 (16)
where 2C = cp − cm. The general solution of the differ-
ential equation (16) is
u = A cosh
z
λ
+ B sinh
z
λ
+ C (17)
and the bulk densities of ions are given from
p = F− A cosh( z
λ
)− B sinh( z
λ
) (18)
m = F + A cosh(
z
λ
) + B sinh(
z
λ
) (19)
with 2F = cp + cm. The integration constants A, B, F are
calculated from the conditions on the charge conserva-
tion formulated by Eqs (10), and the electric field at the
electrodes
∂ui
∂z
= ∓ δs
i
2λ2
(20)
where δsi = sip − sim is the total charge of each electrode
(i = L, R). After some algebra we obtain the following
expressions for the integration constants in function of
sia
A =
sRp + s
L
p − sRm − sLm
4λ sinh
(
d
2λ
) (21)
B =
sRp − sRm − (sLp − sLm)
4λ cosh
(
d
2λ
) (22)
F = − s
R
p + s
L
p + s
R
m + s
L
m
2d
(23)
and Eqs (11) using the condition dσia/dt = 0, yield
sia = k
i
aτ
i
a (a
i + 1) (24)
The analytical expressions calculated for the
adsorption-desorption terms sia are given in the
appendix-A.
Finally, the potential difference between the two elec-
trodes due to selective adorption phenomena is given
from the equation
∆u = uR − uL = δs
R − δsL
4λ
tanh
(
d
2λ
)
(25)
For a symmetric cell ∆u = 0. For an asymmetric cell
∆u 6= 0 in general. For electrodes with preference to
opposite sign of charge and for d >> λ, ∆u becomes
maximal, up to a value of 2, when the Debye length
λ << kτ the sorption mechanism length. It is well
known that larger values of the potential than the ther-
mal voltage can be present at an electrode [30] but in
this latter case our linear approximation is no longer
valid and one should consider the non-linear problem.
4FIG. 1: Asymmetric cell, the effective adsorption is domi-
nated from charge of the same sign on both electrodes. (a) po-
tential u(z) at the steady state, (b) distribution of the ions p(z)
(solid line), m(z) (dashed line), and (c) electric field −u′(z).
The Langmuir model parameters used for the calculation are
KRp = 5, K
R
m = 0.1, K
L
p = 10, and K
L
m = 0.1.
Numerical analysis
Let us consider the case of a symmetrical 1 : 1
electrolyte with monovalent ions, and assume N =
1022m−3, d = 10−5m, A = 10−4m2, Vθ = 0.026V. For
a liquid with a relative effective [31] dielectric constant
ε = 10, the Debye length is λ = 2.7× 10−8m<< d.
Figure 1, shows in reduced units (a) the potential
u(z) as function of the position in the cell at the steady
state, (b) the distribution of the ions p(z) (solid line),
m(z) (dashed line), and (c) the electric field −u′(z) for
an asymmetric cell with effective adsorption dominated
FIG. 2: Asymmetric cell, the effective adsorption is domi-
nated from charge of the opposite sign on both electrodes.
(a) potential u(z) at the steady state, (b) distribution of the
ions p(z) (solid line), m(z) (dashed line), and (c) electric field
−u′(z). The Langmuir model parameters used for the calcu-
lation are KRp = 0.1, K
R
m = 1, K
L
p = 10, and K
L
m = 0.1.
from charge of the same sign on both electrodes. The
Langmuir model parameters used for the calculation
are KRp = 0.1, K
R
m = 1, K
L
p = 0.1, and K
L
m = 10, where
Kia = k
i
aτ
i
a (see appendix-A). Typical values of the ad-
sorption parameters for liquid crystals are given in [32–
35]. Figure 2, shows in reduced units (a) u(z), (b) p(z)
(solid line), m(z) (dashed line), and (c) −u′(z) for asym-
metric electrodes that are dominated by adsorption of
ions that have an effective charge of opposite sign at the
electrodes. From both figures is deduced that the poten-
tial in the cell is asymmetric. The potential difference
5FIG. 3: Symmetric cell, (a) potential u(z), (b) distribution of
the ions p(z) (solid line), m(z) (dashed line), and (c) electric
field −u′(z), at the steady state. KRm = KLm = 1, and KRp =
KLp = 0.
between the two electrodes can in general attain values
of the same order of magnitude as the thermal voltage
(see Figure 2). This observation shows that for asym-
metric adsorption the induced potential can have a non
negligible effect on impedance spectroscopy measure-
ments for the latter experimental method makes use of
a measuring external voltage that in principle should
be less than the thermal voltage [36].
In the case of a symmetric cell, Figure 3, the elec-
trodes are identical, that means same adsorption and
desorption coefficients for both electrodes, and the
problem is reduced to the one already investigated in
[15]. In the antisymmetric case, Figure 4, the adsorption
FIG. 4: Antisymmetric cell, (a) potential u(z), (b) distribution
of the ions p(z) (solid line), m(z) (dashed line), and (c) electric
field −u′(z), at the steady state. KRm = KLp = 1, and KRp =
KLm = 0.
and desorption coefficients are the same for opposite
sign charges at both electrodes. Note that with increas-
ing ratio d/λ >> 1 the surface values of the parameters
do not change (see for instance Eqn(25)), therefore we
used d/λ = 20 for the plots in order to better visualise
the variation of voltage, electric field and charge density
near the electrodes.
6IV. EVOLUTION OF THE SYSTEM TOWARDS THE
EQUILIBRIUM STATE
In the present section, we investigate the evolu-
tion of the system towards the equilibrium state, that
is, we consider the evolution of the transient com-
ponents A(z, t),U(z, t), and Sa(z, t). The quantities
P(z, t), M(z, t),U(z, t) are derived from the bulk Eqs (7)
∂P
∂t
= Dp(P
′′ + U′′)
∂M
∂t
= Dm(M
′′ −U′′) (26)
U′′ = −P− M
2λ2
The initial conditions of the problem are deduced from
the fact that before the adsorption-desorption phe-
nomenon takes place, at t = 0, na(z, 0) = N that implies
A(z, 0) + a(z) = 0. The same is valid for the rest of Eqs
(12).
The boundary conditions at the electrodes are
−Da(A′ ±U′)i = ±dS
i
a
dt
(27)
where the plus sign at the rhs applies for the R-
electrode. The Langmuir equation for each electrode
is written
dSia
dt
= kiaP
i − 1
τia
Sia (28)
To solve the system of differential Eqs(26), we elimi-
nate U′′ from the first two equations via the third one,
and use trial solutions of the type:
X(z, t) = yx(z) exp(−βt) (29)
where β > 0 in order to satisfy the condition lim
t→∞ X =
0, X = A,U and x = a, u.
After substitution of the trial solutions (29) into the
bulk Eqs(26) and elimination of the Poisson equation,
we find the following system of equations
y′′p + γpyp +
ym
2λ2
= 0
y′′m + γmym +
yp
2λ2
= 0 (30)
with:
γa =
β
Da
− 1
2λ2
(31)
To solve the system of Eqs(30), we seek for solutions of
the type
ya = Ca e
µz (32)
After substitution of the latter ansatz in the Eqs(30), one
finds
Cp(γp + µ
2) +
1
2λ2
Cm = 0
Cm(γm + µ
2) +
1
2λ2
Cp = 0
(33)
The solution of the characteristic quartic equation, re-
sulting from the above system, gives for µ the four so-
lutions: ±µ1, ±µ2 (their explicit expressions are given
in appendix-A). The solution of Eqs(30) are then written
yp = C1e
µ1z + C2e
−µ1z + C3eµ2z + C4e−µ2z
ym = k1C1e
µ1z + k1C2e
−µ1z + k2C3eµ2z + k2C4e−µ2z (34)
yu = C0 + Cℓz− 1− k1
2λ2µ21
(
C1e
µ1z + C2e
−µ1z)− 1− k2
2λ2µ21
(
C3e
µ2z + C4e
−µ2z)
The Langmuir Eqs (28), using the trial solution Eq
(29), yield
Sia(t) = ζ
i
ae
−t/τip + Kia yiae−βt (35)
where Kia =
kAp τ
A
p
1−βτAp . By substituting the above equations
into the BCs given from Eqs(27), one finds ζ ia = 0, and
the system of linear differential equations
Da(y
′
a ± y′u)i = ±βKia yia (36)
where in the lhs the + applies for a = p& A = P, and
in the rhs the + applies for the i = R-electrode. Using
the transient part of Eqs(20) one can calculate Cℓ. Sub-
stitution of yx, given from Eqs(34), into Eqs(36) results
to the homogeneous system of equations
7FIG. 5: The determinant ∆ vs β in arbitrary units. The zeros
of ∆ correspond to the inverse relaxation time constants βℓ of
the system.
α11C1 + α12C2 + α13C3 + α14C4 = 0
α21C1 + α22C2 + α23C3 + α24C4 = 0
α31C1 + α32C2 + α33C3 + α34C4 = 0
α41C1 + α42C2 + α43C3 + α44C4 = 0
(37)
where the coefficient αnj are functions of the relaxation
time 1/β. This eigenvalue problem has a non trivial so-
lution, if and only if, its determinant of coefficients, ∆,
equals zero. This condition determines all the charac-
teristic relaxation times 1/βℓ of the system. Finally, be-
cause of the linearity, one can apply the superposition
principle to write the complete solution of the problem
in the form
X(z, t) = ∑
{βℓ}
yx (βℓ, z) e
−βℓt (38)
Plotting the determinant ∆, see Figure 5, one observes
that the system has an infinite number of characteristic
time constants corresponding to the roots of the equa-
tion ∆(βℓ) = 0. Only a few of them should have a
physical meaning [37–39]. The overall relaxation ef-
fect should be dominated from the slowest relaxation
time that is expected to correspond at the adsorption-
desorption dynamics at the electrodes. These multi-
ple relaxation time constants are expected, as relax-
ation depends on a variety of phenomena such as diffu-
sion, adsorption, desorption, and couplings of different
mechanism, for instance, the ambipolar diffusion effect
[40, 41].
Some of the expected relaxation times that should
contribute to the multirelaxation phenomenon are dis-
cussed in brief here. We distinguish them to those orig-
inating from the bulk of the electrolyte and those re-
lated with the adsorption mechanism. Since, the cations
and ions have different diffusion constants, one can de-
fine the ambipolar Damb =
2DpDm
Dp+Dm
and the free diffu-
sion D f =
Dp+Dm
2 constants [40, 41]. Consequently
a few of the bulk diffusion times that are expected
should be τamp ∼ d2/Damb, τf ∼ λ2/D f , τ ∼ dλ/Damb,
τ ∼ dλ/D f , τ ∼ τf
√
d/λ, etc. Since now, in our ap-
proach we considered different adsorption and desorp-
tion coefficient for each type of ions and for each elec-
trode, we expect eight relaxation times related to the
adsorption–desorption phenomenon. Finally, in order
to estimate the influence of the above relaxation times
on the overall response of the system one should per-
form a numerical analysis by calculating the tempo-
ral evolution of the system for different values of the
model parameters, and try to fit the numerical data as
in [37, 39].
V. CONCLUSION
We have investigated the phenomenon of selective
adsorption in an asymmetric electrolytic cell, that is, the
adsorption and desorption coefficients are different for
each sign of ions, and for each electrode. The ions have
different mobility. We derived the analytic expression
for the potential and the charge distribution in the cell,
in the frame of the PNP model and in the linear approx-
imation. Our linear numerical analysis has shown that
the asymmetry of the electrodes leads to a difference of
potential between the electrodes that can attain values
of the same order of magnitude as the thermal voltage.
Finally, we have investigated the evolution of the sys-
tem towards the equilibrium state, always in the case of
asymmetric adsorption. The system has infinite char-
acteristic times, but only a few of them are expected to
have a physical interest.
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Appendix A
Langmuir kinetic model equations at the electrodes
(Eqs (5)):
dσAp
dt
= kAp np −
σAp
τAp
(A1)
dσAm
dt
= kAmnm −
σAm
τAm
(A2)
dσBp
dt
= kBp np −
σBp
τBp
(A3)
dσBm
dt
= kBmnm −
σBm
τAm
(A4)
The solution of the equation system (21)–(24) yields
the steady state part of the adsorbed ions surface den-
sities at the electrodes:
sRp = −
4dKRp sinh
2 δ
D
[
(KRm + K
L
p )λ+ K
R
m(K
L
m + K
L
p ) coth δ+ 2λ
2 coth δ+ (KRm + K
L
m)λ coth
2 δ
]
(A5)
sRm = −
4dKRm sinh
2 δ
D
[
(KLm + K
R
p )λ+ K
R
p (K
L
m + K
L
p) coth δ+ 2λ
2 coth δ+ (KRp + K
L
p )λ coth
2 δ
]
(A6)
sLp =
2dKLp
D
[
λ(KRm − KRp ) + λ(2KLm + KRm + KRp ) cosh 2δ+ (KLmKRm + KLmKRp + 2λ2) sinh 2δ
]
(A7)
sLm =
2dKLm
D
[
λ(KRp − KRm) + λ(2KLp + KRm + KRp ) cosh 2δ+ (KLp KRm + KLp KRp + 2λ2) sinh 2δ
]
(A8)
9where
D = −2λ(KLm − KLp )(KRm − KRp ) + 2λ (Π2 + ΣKd) cosh 2δ+
[
d(KRp + K
R
m)(K
L
p + K
L
m) + 4λ
2d + 2(Π3 + Σλ
2)
]
sinh 2δ
δ =
d
2λ
Kia = k
i
aτ
i
a
δsi = sip − sim
Σ = KRp + K
R
m + K
L
p + K
L
m
Π2 = K
R
p K
L
p + K
L
mK
R
m + K
R
p K
L
m + K
L
p K
R
m + 2K
R
p K
R
m + 2K
L
p K
L
m
Π3 = K
R
p K
L
p K
R
m + K
R
p K
L
p K
L
m + K
R
p K
L
mK
R
m + K
L
p K
L
mK
R
m
Π4 = K
R
p K
R
mK
L
p K
L
m
Solutions of the quartic equation resulting from the
equation system (33):
µ1 =
√√√√−γp + γm
2
−
√
1+ λ4(γp − γm)2
2λ2
(A9)
µ2 =
√√√√−γp + γm
2
+
√
1+ λ4(γp − γm)2
2λ2
(A10)
Integration constants of the equation system (34):
k1 = −2λ2
(
γp + µ
2
1
)
(A11)
k2 = −2λ2
(
γp + µ
2
2
)
(A12)
